Abstract. In this paper, we prove that general (not necessarily symmetric) Lévy process killed on exiting a bounded open set (without regular condition on the boundary) is intrinsically ultracontractive, provided that the Lévy measure satisfies ν B(x, r) > 0, r > 0 for any |x| R 0 and some R 0 > 0. Indeed, for symmetric Lévy process and bounded Hölder domain of order 0, we also obtain the intrinsic ultracontractivity even under much weaker assumption on the Lévy measure.
Introduction and Main Results

Dirichlet Semigroup and its Dual Semigroup for General
Lévy Process. Let X = ((X t ) t 0 , P x ) be a Lévy process on R d with Lévy triplet (Q, b, ν), such that its characteristic exponent or symbol is given by (1.1) q(ξ) = 1 2 ξ, Qξ + i ξ, b +
1 − e i ξ,z + i ξ, z 1 {|z| 1} ν(dz), ξ ∈ R d , where Q :
, and ν is a Lévy measure on R d . LetX = (X t ) t 0 denote the dual process of X, which is a Lévy process with the Lévy triplet (Q, −b,ν) such thatν(U) = ν(−U) for any U ∈ B(R d ). Throughout this paper, we assume that the process X has a continuous, bounded and strictly positive transition density function p(t, x, y) = p(t, 0, y − x), i.e. for every t > 0 and f ∈ B b (R d ),
is continuous, and there is a constant c(t) > 0 such that 0 < p(t, x, y) c(t), ∀ x, y ∈ R d .
See [3, 16, 20, 21, 27, 29] for sufficient conditions in terms of symbol q(ξ). Let T t f (x) = E x f (X t ),T t f (x) = E x f (X t ).
Then for any non-negative Borel measurable function f and g, T t f (x)g(x) dx = f (x)T t g(x) dx.
Hence, the (dual) Lévy processX also possesses a continuous, bounded and strictly positive transition density functionp(t, x, y) such that for any t > 0 and x, y ∈ R d , p(t, x, y) = p(t, y, x) and E x f (X t ) = R dp (t, x, y)f (y) dy = 
It is a standard result that (T D t ) t 0 is a strongly continuous contraction semigroup on L 2 (D; dx), which is called the Dirichlet semigroup associated with the process X D . We further assume that p D (t, x, y) > 0 for every t > 0 and x, y ∈ D, which is equivalently saying that (T D t ) t 0 is irreducible, i.e. T D t (1 U )(x) > 0 for every t > 0, x ∈ D and open set U ⊆ D with |U| > 0, where |U| denotes the Lebesgue measure of U. We should mention that even if the transition density function p(t, x, y) is smooth and strictly positive, it is non-trivial to show the strict positivity of p D (t, x, y), see Proposition 2.3 below for some mild assumption on Lévy measure.
Letτ D := inf{t 0 :X t / ∈ D} be the first exit time from D for the dual procesŝ X. Similar to (1.2), we can define the killed processX D := (X D t ) t 0 ofX on exiting D. For any t > 0 and x ∈ D, definê
Then, the killed processX D also has the transition density functionp
for all t > 0 and x, y ∈ D, and sô
When the Lévy process X is symmetric, the associated Lévy measure ν is symmetric, and the symbol q(ξ) given by (1.1) is reduced into 
respectively. Moreover, according to [19, Proposition 3.8] , the corresponding eigenfunctions φ 1 andφ 1 can be chosen to be bounded, continuous and strictly positive on D. In the literature, this eigenfunction φ 1 (resp.φ 1 ) is named ground state (resp. dual ground state). We are more interested in the intrinsic ultracontractivity of (T D t ) t 0 , which is defined that for every t > 0, there exists a constant C(t) > 0 such that
The notion of intrinsic ultracontractivity for symmetric semigroups was first introduced by Davies and Simon in [12] (note that in symmetric setting, φ 1 =φ 1 in (1.4)), and then it was generalized to non-symmetric semigroups by Kim and Song in [17] . It has wide applications in the area of analysis and probability. Recently, the intrinsic ultracontractivity of Markov semigroups (including Dirichlet semigroups and Feyman-Kac semigroups) has been intensively established for various Lévy processes or Lévy type processes, see e.g. [4, 8, 9, 13, 14, 15, 17, 18, 19, 22, 23, 24] . The aim of this paper is to study the intrinsic ultracontractivity of Dirichlet semigroup (T To state our first contribution, we need the following additional assumption on the Lévy measure ν. (A1) There exists a constant R 0 > 0 such that for every x ∈ R d with |x| R 0 and each r > 0
where B(x, r) denotes the ball with center x ∈ R d and radius r > 0. Theorem 1.1. Let X be the Lévy process as above such that assumption (A1) holds Then the associated Dirichlet semigroup (T D t ) t 0 is intrinsically ultracontractive. More explicitly, there is a constant c > 0 such that for all t > 0 and x, y ∈ D,
where q(ξ) is the symbol of the process X given by (1.1), and −λ 1 < 0 is the common eigenvalue corresponding to ground state φ 1 andφ 1 .
For symmetric Lévy process, [13] has established the intrinsic ultracontractivity of Dirichlet semigroup on any bounded open set D, when (1.5) holds for all x ∈ R d (not only for every x ∈ R d with |x| R 0 and some constant R 0 > 0). For general Lévy process, if the Lebesgue measure is absolutely continuous with respect to Lévy measure, the intrinsic ultracontractivity of Dirichlet semigroup on any bounded open set D was verified in [19] . Note that both those conditions imply that the support of Lévy measure is R d , and the corresponding Lévy process has full range jumps. The reader can refer to [13] for other non-degenerate conditions on Lévy measure in the symmetric setting. On the other hand, when Lévy measure is compactly supported and the Radon-Nikodym derivative of absolutely continuous part of Lévy measure is bounded below by some positive constant near the origin, Kim and Song proved in [19] that the corresponding Dirichlet semigroup is intrinsically ultracontractive for general (not necessarily symmetric) Lévy process provided that D is κ-fat, see [19, 
The new point of Theorem 1.1 is due to that, it gets rid of any regularity condition on bounded open set D to ensure the intrinsic ultracontractivity of associated Dirichlet semigroups for general Lévy process with finite range jumps. Besides, we do not require that Lévy measure has an absolutely continuous part. See Example 3.4 in the end of Section 3 for an application of Theorem 1.1.
1.3. Improvement: Symmetric Lévy process on Bounded Hölder Domain of Order 0. Throughout the paper, we always refer to a connected open set as a domain. It is known that the intrinsic ultracontractivity of Dirichlet semigroups for Brownian motion on a bounded domain D depends on the geometry of the boundary of D. However, Theorem 1.1 indicates that this does not hold true for Lévy process even with finite range jumps, under assumption (A1) on Lévy measure ν. In fact, for bounded Hölder domain of order 0, we can prove the intrinsic ultracontractivity of the associated Dirichlet semigroup for symmetric Lévy process, whose Lévy measure satisfies more weaker assumption than (A1).
Recall that, a domain D is called Hölder domain of order 0 if there exist some constants c 1 , c 2 > 0 and x 0 ∈ D, such that
Here, ρ ∂D (x) = inf{|x − y| : y ∈ ∂D} denotes the distance between x and the boundary of D, and k D (x, y) is the hyperbolic distance between x, y ∈ D defined by
where the infimum is taken over all the rectifiable curves γ : [0, 1] → D such that γ(0) = x and γ(1) = y. It is shown in [28] that a Hölder domain of order 0 is bounded. John domains, in particular bounded Lipschitz domains, are Hölder domains of order 0.
In the reminder of this subsection, we assume that the Lévy process X is symmetric, and adopt the following assumption on the Lévy measure ν: (A2) For each R > 0, there exist two constants 0 < r 1 < r 2 R such that for every ball B(z, r) ⊆ S(r 1 , r 2 ) := {x ∈ R d : r 1 |x| r 2 } ν B(z, r) > 0.
It is obvious that (A2) is weaker than (A1).
For any θ, c, r > 0, define
We have the following statement for intrinsic ultracontractivity of (T 
Here, we use the convention that f −1 (r) = inf{s > 0 : f (s) r} and inf ∅ = ∞.
The intrinsic ultracontractivity for Dirichlet semigroup of symmetric α-stable process on a bounded Hölder domain of order 0 was established in [9] . Theorem 1.2 generalizes such result to more general symmetric Lévy process, whose Lévy measure may be singular or may not satisfy (A1). This can be seen from the following example. Example 1.3. Let X be a symmetric Lévy process with Lévy measure ν as follows
for some α ∈ (0, 2). Let D be a bounded Hölder domain of order 0. Then, the associated Dirichlet semigroup (T D t ) t 0 is intrinsically ultracontractive, and for every θ > d/α, there exist constants c 1 , c 2 > 0 such that
The rest of this paper is arranged as follows. In Section 2 we present some preliminary results. Under assumption (A1) and some mild condition on D, we verify that for general Lévy process the Dirichlet heat kernel p D (t, x, y) is strictly positive for every t > 0 and x, y ∈ D. In particular, Corollary 2.4 here also yields the strictly positivity of the transition density function p(t, x, y), which is interesting of its own. In Section 3, we prove Theorem 1.1 by making use of the methods in [13, 19, 22] with some significant modifications. The last section is devoted to the proof of Theorem 1.2. Comparing with the idea used in Section 3, here we need establish the super Poincaré inequality for non-local Dirichlet forms and derive explicit lower bound for ground state in term of symbol.
Preliminary Result: the Strict Positivity of Dirichlet Heat Kernel
The following lemma, similar to [13, Lemma 2.5], is a direct consequence of Assumption (A1).
Lemma 2.1. Suppose (A1) holds. Then for any 0 < r < R 0 ,
where R 0 > 0 is the constant in (A1). According to (2.10) and (1.5), for n large enough
Proof. Suppose that inf
which contradicts with (2.11). This proves our desired conclusion (2.9).
Next, we turn to the strictly positivity of the Dirichlet heat kernel p D (t, x, y). We first recall the parabolic property of the Dirichlet heat kernel p D (t, x, y) and the Lévy system of Lévy process X, which are taken from [6, Lemma 4.5] and [7, (5. 3)] respectively. Lemma 2.2.
(1) The Dirichlet heat kernel p D (t, x, y) enjoys the parabolic property, i.e. for any t > 0, x, y ∈ D and stopping time τ with τ τ D ,
(2) Let f be a non-negative measurable function on
Note that for Lévy process with finite range jumps, the distance between connected components of D should not be too far away, otherwise p D (t, x, y) will be zero there. Therefore, to prove the strictly positivity of p D (t, x, y), we need the following roughly connected assumption on the open set D, e.g. see [19, Definition 4.3] .
The main result of this section is the following Proposition 2.3. Let X be a (not necessarily symmetric) Lévy process satisfying (A1), and let D be an open (not necessarily bounded) set such that (RC) holds true. Then,
As a direct consequence of Proposition 2.3, we have the following statement, which is interesting of its own. 
In particular,
where p(t, x, y) is the transition density function for the process X. 
In particular, for any r > 0, we can find a constant t(r) > 0 such that
3, such that the following properties hold:
(i) for every 1 i N, B i ⊆ D, B N +1 ⊆ U, and B i B i+1 = ∅, where B i := B(x i , 2r 1 ) and x 1 = x. (Note that we do not require that B i B j = ∅ for any i = j, and so it may happen that B i = B j for some j = i + 1.) (ii) for every 1 i N and
Below, define a sequence of stopping times {τ
and letB i := B(x i ,r 1 ) for 1 i N + 1. Then, we have
and 14) where in the last equality we used the strong Markov property. Note that, if for any 1 i N,
where the last inequality follows from the fact t − Nt 1 t 1 . Thus, when Xτ B N ∈ B N +1 and
where the last inequality we used (2.13).
On the other hand, for any 1 i N, if Xτ B i−1 ∈B i , then, according to the Lévy system of the process X (see Lemma 2.2),
By (2.13),
For every z ∈ B i , since |y i+1 − z|
Combining all the estimates above with (2.14), we obtain that
x, z) > 0 for almost surely z ∈ D with respect to the Lebesgue measure (the exceptional set may depend on x ∈ D and t > 0). Furthermore, it is obvious that if Assumption (A1) holds for ν, then it also holds for the Lévy measureν of the dual processX. Then, following the arguments in step (1), we can obtain that for every x ∈ D and t > 0,p
Assume that p D (t, x, y) = 0 for some x, y ∈ D and t > 0. Then,
On the other hand, according to the conclusions above,
, y, z) > 0 for almost surely z ∈ D, which is a contradiction with (2.15). Therefore, the assumption above is not true; that is, p D (t, x, y) > 0 for every x, y ∈ D and t > 0. (3) Now we consider an open set satisfying (RC). It is easy to see that in this case for every x, y ∈ D, there exist an integer m 1, some constants 0 < ε < 1 and 0 < r 0 < εR 0 4
(here R 0 is the constant in (A1)) and points x j ∈ D for 1 j m, such that
For every t > 0, 1 j m−1 and z j ∈ K j , by the parabolic property of Dirichlet heat kernel p D (t, x, y) and the Lévy system of the process X, see Lemma 2.2, 16) where the last inequality follows from the fact that B(
By the conclusion in step (2), for every connected set U ⊆ D,
According to (2.17) and the fact that for every t > 0, p
Next, we suppose that p D (t, z j , z j+1 ) = 0 for some t > 0, z j ∈ K j and 1 j m − 1. Then, by (2.16) and (2.18),
which, along with (2.18), (A1) and the fact that B(x j+1 − x j , r 0 /2) ⊆ B(0, R 0 ) due to |x j+1 − x j | (1 − ε)R 0 and r 0 < εR 0 4
, in turn implies that
×K j almost surely under the measure ds dz. However, according to (2.17), for every s > 0 andx,ỹ ∈ K j (2.20)
This is a contradiction with (2.19), whence
Finally, for every t > 0 and x, y ∈ D,
This along with (2.20) and (2.21) gives us that p D (t, x, y) > 0 for every x, y ∈ D and t > 0, which proves our desired assertion.
We conclude with two remarks on Proposition 2.3 and Corollary 2.4. 2) The proof of Proposition 2.3 is only based on the probability estimate of the first exit time and the Lévy system of Lévy process X, both of which are available for general Lévy type processes, see e.g. [3, 7] . Therefore, Proposition 2.3 and so Corollary 2.4 still hold true for a large class of Lévy type jump processes.
Proof of Theorem 1.1
Throughout this section, we always assume that assumption (A1) holds true, and the ground state φ 1 and its dual ground stateφ 1 are bounded, continuous and strictly positive. To prove Theorem 1.1, we mainly use the methods in [13, 19, 22] but with non-trivial modifications. Since D is a bounded set, there exist finite open subsets
Below, we define
For every open set U ⊆ R d , let
be the Green functions for the Dirichlet semigroup (T U t ) t 0 and (T U t ) t 0 respectively, e.g. see [19] . Define
We first provide the following estimate, which is crucial for the proof of Theorem 1.1.
Lemma 3.1. There exists a constant c 1 > 0 such that for every x ∈ R d ,
Proof. For every x / ∈ D or x ∈ B, we have P x η D\B = 0 = 1, which immediately implies that the estimate for X in (3.22) holds true. Now we assume x ∈ D \ B, and so η D\B = τ D\B , P
x -a.s.. By the Ikeda-Watanabe formula, see [13, (2.1)],
For every y ∈ D \ B, there exists an integer 1 i n such that y ∈D i . Then, by the definition of A, we obtain (3.24)
Moreover, since y, x i ∈D i , by the property ofD i we know that |x i − y| R 0 2 . Combining (3.24) with (2.9) yields that for every y ∈ D \ B (3.25)
According to (3.25) and (3.23),
which arrived at the first desired assertion in (3.22) with c 1 = δ(
). Following the arguments above, we can also obtain the estimate in (3.22) for the dual processX. Proof. The proof is mainly based on Lemma 3.1 and the argument of [19, Lemma 3.5 ] (see also [13, 22] ). We present the sketch here for the sake of completeness. It suffices to show the first estimate in (3.26), since the second one for the dual procesŝ X can be proved similarly. Let θ t denote the t-time shift operator for the process X. Define a sequence of stopping times as follows
According to (3.22) and the strong Markov property, we immediately have that for every x ∈ R d and k 1,
By [19, Lemma 3.4] ,
Therefore we have
where the first step follows from the relation X t = X D t for every t < τ D , and in the last step we have used the fact that X t ∈ C for every T k < t < S k+1 .
It is well known that Lévy process enjoys the Feller property, i.e. its semigroup
By the separation property of Feller process, [19, (3.2) ]. Hence, due to the strong Markov property again, for every x ∈ R d and k 1,
where the last inequality follows from (3.27) . Combining this estimate with (3.29) yields that
where in the forth step we have used again the fact that X t ∈ C for every T k < t < S k+1 . This proves the desired conclusion.
According to Lemma 3.2, we can give lower bound estimates for ground state φ 1 and dual ground stateφ 1 . Lemma 3.3. There exists a constant c 3 > 0, such that for every x ∈ D,
Proof. We only verify the first estimate in (3.30) here. By (3.26) we have for every
Since C is a precompact subset of D and φ 1 is strictly positive and continuous on D, there is a constant
where in the equality we have used the fact that [8] . Combining this with (3.31), we arrive at the conclusion (3.30). Now, we are in a position to present the Proof of Theorem 1.1. According to (3.30) , for any t > 0, x, y ∈ D, , and the second inequality follows from the Chebyshev inequality. Hence, from (3.32) we know that the semigroup (T D t ) t 0 is intrinsically ultracontractive.
Furthermore, according to [21] , we know that for every t > 0,
which together with (3.32) yields the desired assertion (1.6) for t > 0 small enough. The estimate in (1.6) for large t follows from [17, Theorem 2.7] . By now we have finished the proof.
To show the power of Theorem 1.1, we take the following example about the truncated strictly α-stable process. In particular, comparing with [19, Example 4.4], we do not require that D is κ-fat.
Example 3.4. Let X be a Lévy process on R d with Lévy measure as follows
where α ∈ (0, 2), r 0 , c 0 > 0 and µ is a finite non-degenerate (not necessarily symmetric) measure on the unit sphere S in the sense that its support is not contained in any proper linear subspace of R d . Let D be a bounded open set satisfying assumption (RC) in Section 2 with R 0 to be the constat r 0 in (3.33) . Then, the associated Dirichlet semigroup (T D t ) t 0 is intrinsically ultracontractive, and for all t > 0 and
holds for some constant c 1 > 0. (2) The conclusion (1.6) can apply to get explicit upper estimates for Dirichlt heat kernel p D (t, x, y). For instance, consider symmetric α-stable process on bounded κ-fat domain D. Then, there is a constant c > 0 such that for any x, y ∈ D and t ∈ (0, 1],
Indeed, it was shown in [2, Theorem 1] that for any x, y ∈ D and t ∈ (0, 1],
where p(t, x, y) is the transition density function of α-symmetric stable process, i.e.
On the other hand, according to (1.6), there is a constant c 1 > 0 such that
By (3.34) and (3.35), we find that for some c 2 > 0,
which along with (3.34) in turn yields the desired assertion.
Proof of Theorem 1.2
The main tool to prove Theorem 1.2 is different from that of Theorem 1.1, and it is based on the (intrinsic) super Poincaré inequality for non-local Dirichlet forms (this is the reason why we need require X to be symmetric in the section). The super Poincaré inequality can be viewed as an alternative of Rosen's Lemma, which is in the context of the super log-Sobolev inequality, see e.g. [12, Theorem 5.1] .
First, we recall some facts about Dirichlet form in our setting. Let X be a symmetric Lévy process, and D be a bounded domain. Then, the symmetric Dirichlet
where
is the set of C ∞ functions on D with compact support, and 
Then the following intrinsic super Poincaré inequality holds
If moreover
then the associated Dirichlet semigroup (T D t ) t 0 is intrinsically ultracontractive, and for some constant c 1 > 0,
where −λ 1 < 0 is the eigenvalue associated with the ground state φ 1 .
According to Lemma 4.1, in order to prove Theorem 1.2 one only need to derive upper bound of β 0 (s) in the super Poincaré inequality (4.36), and lower bound of Θ(r) defined by (4.37). First, we have Lemma 4.2. Let X be a symmetric Lévy process given in Section 1.1. Then, the super Poincaré inequality (4.36) holds with β 0 (r) = Φ 0 (r), r > 0, where Φ 0 is given in (1.8).
Proof. By our assumption, the transition density function p(t, x, y) satisfies that sup x,y∈R d p(t, x, y) c(t), t > 0.
As mentioned in the proof of Theorem 1.1,
see e.g. [21] . Then, the desired assertion follows from the estimate above and [30, Next, we turn to lower bound estimate for the ground state, which seems to be interesting of itself.
Lemma 4.3. Let X be a (not necessarily symmetric) Lévy process such that (A2) is satisfied, and let D be a bounded domain. Then there is a constant c 1 > 0 such that
where Φ 1 is given in (1. ν(B(z, r)) > 0.
Below, we write ζ(r) for ζ(r, r 1 , r 2 ), and letr := independent of y such that B(y i , 2εr) ⊆ D for every 2 i n − 1, and B(y n , 2εr) ⊆ B(x 0 , r 0 ). 
For any y ∈ D with ρ ∂D (y) min ε, 1 16 r, we have t 1 (y) t 0 , and This implies that B(y i+1 − z, εr) ⊆ S(r 1 , r 2 ).
Using (4.40) and (4.41), we find that the right hand side of (4.42) is bigger than t 0 ζ(εr) N inf Similarly, we can obtain that for every y ∈ D with ρ ∂D (y) min ε, 1 16 r, P y 0 < τ D 1 < t 1 (y), X τ D 1 ∈D 2 t 1 (y)ζ(εr)P y τ B(y,ρ ∂D (y)) > t 1 (y) 3t 1 (y)ζ(εr) 4 = 3ζ(εr)
) .
Combining all the estimates above yields that for every y ∈ D with ρ ∂D (y) min ε, 1 16 r,
(1 B(x 0 ,r 0 ) )(y) C 2
ζ(εr) 2N
N ζ(εr)
Therefore, for every y ∈ D with ρ ∂D (y) min ε, 
